In this paper we find the waiting time distribution in the transient domain and the busy period distribution of the GI/G/I queue. We formulate the problem as a two-dimensional Lindley process and then transform it to a Hilbert factorization problem. We achieve the solution of the factorization problem for the GI/R/I, R/G/I queues, where R is the class of distributions with rational Laplace transforms. We obtain simple closed-form expressions for the Laplace transforms of the waiting time distribution and the busy period distribution. Furthermore, we find closed-form formulae for the first two moments of the distributions involved.
Introduction
Transient and busy period analyses in queueing models have long been considered as very difficult problems, although in many situations it is very important to study the transient behavior of queueing systems. For example, systems often encounter transient behavior due to exogenous changes, such as the opening or closing of a queueing system or the application of a new control. Furthermore, even in systems with time-homogeneous behavior the convergence to steady state is so slow that the equilibrium behavior is not indicative of system behavior. Examples from practical situations in which transient phenomena are important include manufacturing systems with frequent start-up periods and transportation systems with time-varying demand (for example, airport runway operations in major airports).
In this paper, we derive simple closed-form expressions for the Laplace transforms of the waiting time distribution under FCFS when the system is initially empty and the busy period distribution for the GI/GI1 queue. We first formulate the problem as a
System formulation
In this section we formulate the transient behavior of the GIIGI1 queue as a two-dimensional Lindley process, derive the key formula of the transient dynamics and then transform it to a Hilbert factorization problem. Our analysis will focus on the notion of a busy cycle, which is defined as the busy period plus an immediately following idle period. In Subsection 2.1 we define our notation, in Subsection 2.2 we derive the key formula for the transient dynamics and in Subsection 2.3 we transform the problem to a Hilbert factorization problem.
Notation and assumptions.
In this subsection we define the random variables and establish the notation we are using. We assume that the system is initially idle and the first customer's arriving time is the forward recurrence time of the arrival process. Although this assumption is restrictive for the waiting time distribution, it is not restrictive for the busy period distribution, since the busy period regenerates. In order to find numerically useful results, we consider two special cases, i.e. the RIG/1 and the GIR/1 queue (R is the class of distributions with rational Laplace transforms), when one of the distributions has a rational Laplace transform. We obtain closed-form solutions for these two cases which are computationally very tractable. As pointed out by a referee, an alternative approach is due to Asmussen [ 1 ] , who converts a two-dimensional Hilbert factorization problem to a matrix-algorithmic form, which should then be solved numerically. By observing that the expression in the left-hand side of Equation (14) is analytic for Re(co)> 0 and the expression in the right-hand side of Equation (14) is analytic for Re(w) < 0 and using Liouville's theorem we conclude that both expressions should be equal to a function of s. From the boundary conditions of (9) we easily find that the function is a constant function 1. To complete Liouville's theorem, we need the following proposition.
The solution of the

